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In many Hamiltonian systems subjected to a time �or space� -periodic perturbation with a broad spectrum an
approach is widely used of replacing the system by periodically �-kicked dynamical systems, which allows us
to reduce them to symplectic mappings. In this paper it is shown that this approach has a fundamental failure,
and the corresponding mapping does not correctly describe the continuous original system. It is demonstrated
on the example of the stochastic web map obtained by this approach to describe a periodically driven harmonic
oscillator which exhibits non-Kolmogorov—Arnold—Moser chaos, particularly, the formation of stochastic
webs. A correct canonical map corresponding to this system is obtained using a recently developed method
based on the canonical transformation of variables �S. S. Abdullaev, J. Phys. A 35, 2811 �2002��. Using a
direct numerical integration of the system it is shown that the canonical map correctly describes the periodi-
cally driven harmonic oscillator with a finite number of spectrum modes.
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A Poincaré map is a powerful tool to study dynamical
systems, particularly Hamiltonian systems which describe
many fundamental models of physical systems whenever dis-
sipation is negligible. A method widely used to obtain these
maps for Hamiltonian systems subjected to time �or space�
-periodic perturbations with a broad spectrum is based on the
so-called �-function method. In this method the time-
periodic perturbation is replaced by the periodic in time �or
space� � functions, i.e., � kicks. This method was originally
used in Refs. �1,2� to derive the standard �or Chirikov-
Taylor� map. Up to the present time it has been uncritically
used in many physical problems, ranging from the problems
plasma physics to dynamical astronomy �see references in
�3��. As was shown recently �4,5� �see also the book �3� and
arguments below� this method encounters some fundamental
physical and mathematical difficulties. In particular cases, it
yields maps which are noncanonical and whose variables do
not coincide with the variables of the original system.

To demonstrate these difficulties we consider a problem
of the periodically driven harmonic oscillator. This is an
important and interesting problem exhibiting non-
Kolmogorov—Arnold—Moser chaos and, in particular, the
formation of stochastic webs with a regular quasicrystalline
structures. Such a chaotic dynamics occurs in many physical
problems like the stochastic particle acceleration in space
and laboratory plasmas �6–11�, passive particle transport in
laminar flows �12�, turbulence, quasicrystals, etc. �see Refs.
�13–15�, and references therein�. Moreover, in recent experi-
ments �15,16� the effect of stochastic webs on chaotic elec-
tron transport in superlattices has been found.

A stochastic web structure has been first discovered by
Zaslavsky et al. �17� while studying the chaotic dynamics of
a particle in a magnetic field affected by a wave packet. This
problem has been studied by the stochastic web map �SWM�
obtained by replacing a periodically driven harmonic oscil-
lator to a �-kicked system, and integrating the corresponding
equations of motion with “delta-function kicks.” The gener-
alization of the SWM to the relativistic case has been given
in �18,19�.

The main purpose of this work is to show the fundamental

failures of the �-function method on the example of the pe-
riodically driven harmonic oscillator and to obtain the cor-
rect map for this system. For this we employ a recently de-
veloped method �3–5� to construct mappings for Hamiltonian
systems based on the canonical transformation of variables.

Consider the dynamics of a charged particle of mass m in
the �x ,y� plane in a constant magnetic field B0 along the z
axis and a wave field with a broad frequency spectrum
propagating along the y axis. In dimensionless variables, a
dimensionless coordinate �=k�y+ Px /m�0�, a momentum �
= �k /m�0�py, a time �= t�� /2��, where �0=eB0 /mc is a gy-
rofrequency, the system is reduced to the dynamics of the
harmonic oscillator driven by a wave field,

�̇ = �, �̇ = − �0
2� + K �

s=−M

M

sin�� − 2�s�� , �1�

where K=2�e�0k2 / �m�0�� is a dimensionless perturbation
parameter, expressed through the amplitude �0, the wave
number k, and the fundamental frequency � of the wave
field, respectively, and M is a number of maximal harmonics.
The Hamiltonian corresponding to the system �1� is

H =
	

2
��2 + �2� + K �

s=−M

M

cos�� − 2�s�� , �2�

with the canonical variables �� ,��. Here 	=2��0 /� is a
winding number.

The evolution of the Hamiltonian system �1� and �2� in
the case of infinite number of modes M has been studied by
Zaslavsky et al. �17� �see also �14��. Using the Poisson sum-
mation rule,

�
s=−





cos�2�s�� = �
k=−





��� − k� ,

the corresponding equations of motion were integrated over
� functions, and the dynamics of the system was reduced to
the stochastic web map �SWM�,
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�k+1 = ��k + K sin �k�cos 	 + �k sin 	 ,

�k+1 = − ��k + K sin �k�sin 	 + �k cos 	 , �3�

where �k=��k−0�, �k=��k−0� are the value of � and � just
before the “� kick” at the time instant �=k.

The generalization of the map �3� to the relativistic case
has been obtained by Longcope and Sudan �18�: it is given
by the map similar to Eq. �3� with the parameter 	 is re-
placed by 	 /�, where �2=1+�2���k+K sin �k�2+�k

2�, �
=�0 /kc.

As was mentioned above the derivation of mapping for
such systems based on the � function approach is incorrect
from the mathematical point of view as well as from the
physical consideration �see Ref. �3� and references therein�.
In real physical situations a broad spectrum of wave frequen-
cies means that mode number M in the sum �2� is large but
finite. The formal replacement of the finite sum of trigono-
metric functions with the infinite sum of delta functions leads
to the complete loss of information on the system’s original
variables and the new system is not defined at the discrete
time instants, �=k. Moreover, the integration of the equa-
tions of motion over the � functions is not always a well-
defined procedure.

The above procedure can be rigorously done only by the
canonical change of variables in the Hamiltonian system. In
the limit M→
 the generating function implementing the
change of variables vanishes at all times except the periodic
time instants �=k where the system variables are measured.
Therefore the variables of the mapping �3� will be different
from the ones in the original system. The difference between
these, old and new variables, can reach the magnitude of the
perturbation parameter K, which can be of order of unity.

Below we use the method of canonical transformations of
variables to construct mappings recently developed in Refs.
�3–5,20� to derive a mapping for the Hamiltonian system �2�.
The idea of constructing mappings for the broad spectrum
perturbation consists of two steps: first one obtains the map-
ping for the finite number mode M, and then one takes the
limit M→
 to simplify the mapping. According to a locality
property �see Ref. �21�� the obtained map should correctly
describe the system with a finite number of modes M in the
physical domain of variables �� ,�� where the resonances of
type m�=s� with �s�M occurs �� is a frequency of mo-
tion�.

We introduce the new canonical action-angle variables
�� , I�, related to the old variables �� ,�� as �
= �2I�1/2 sin � ,�= �2I�1/2 cos �, and rewrite the Hamiltonian
�2� in the form

H = 	I + �H1�I,�,�� ,

�H1�I,�,�� = K �
s=−M

M

cos��2I sin � − 2�s��

= K �
s=−M

M

�
n=−





Jn��2I�cos�n� − 2�s�� , �4�

where H1�I ,� ,�� describes the effect of a wave packet on the

harmonic oscillator. The latter is not required to be small.
Let ��k , Ik�= (���k� , I��k�) be values the variables

(���� , I���) taken at the discrete time instances �k=k, �k
=0, ±1, ±2, . . . �. We construct a mapping

��k+1,Ik+1� = T̂��k,Ik� , �5�

relating variables ��k , Ik� at the time instant �k with ones
��k+1 , Ik+1� at the time instance �k+1.

The mapping �5� can be constructed in the following sym-
plectic form �3–5�:

�k = �k + �
�Sk

�Jk
, Jk = Ik − �

�Sk

��k
,

�̄k = �k + w�Jk� ,

�k+1 = �̄k − �
�Sk+1

�Jk
, Ik+1 = Jk + �

�Sk+1

��k+1
, �6�

where w�Jk� is perturbed frequency, Sk=S��k ,Jk ,�k ,�0�,
Sk+1=S��k+1 ,Jk ,�k+1 ,�0� are values of the generating func-
tion S�� ,J ,� ,�0� at the time instants �=�k and �=�k+1, re-
spectively. The latter obeying the Hamilton-Jacobi equation
is found as a series of powers of � :S=S1+�S2+¯ using the
perturbation theory in a finite time interval �k��k+1. In
the first order of the perturbation theory one obtains

S1��,J,�,�0� = − �� − �0�K �
s=−M

M

�
n=−





Jn��2J�

� �a�xns�sin �ns + b�xns�cos �ns� , �7�

where �ns=n�−2�s�, a�x�= �1−cos x� /x, b�x�=sin x /x,
xns=n��J�−2�s, �k�0�k+1.

As was shown in Refs. �3,20� at the limit M→
 the
higher order corrections Si, �i�2�, to the generating function
vanish and the mapping �6� becomes exact with the generat-
ing function

�Sk = − �Sk+1 =
K

2
cos��2J sin �� . �8�

Also one has w�J�=	. Using Eq. �8�, we obtain

�k = �k −
K

2�2Jk

sin��2Jk sin �k�sin �k,

Jk = Ik +
K

2
�2Jk sin��2Jk sin �k�cos �k,

�̄k = �k + 	 ,

�k+1 = �̄k −
K

2�2Jk

sin��2Jk sin �k+1�sin �k+1,

Ik+1 = Jk +
K

2
�2Jk sin��2Jk sin �k+1�cos �k+1. �9�

S. S. ABDULLAEV PHYSICAL REVIEW E 76, 026216 �2007�

026216-2



Furthermore, we call the mapping �9� a canonical stochastic
web map �CSWM�. This mapping is valid for the arbitrary
value of the perturbation parameter K. In contrast to the
SWM �3� it is implicit with respect to the variables Jk and
�k+1. It can be also considered as the integration method of
Hamiltonian system �2� and �4� with infinite number of
modes M.

It is known that for the values 	=2� /q with integer num-
bers q the system �2� generates the crystalline structures in
the phase space �� ,�� if q=2,3 ,4 ,6, or quasicrystalline
structures if q=5,7 ,8 , . . . �17�. Such structures were called
stochastic webs.

We have compared the CSWM with the direct numerical
integration of the original Hamiltonian system �2� with a
finite number of modes M using the standard symplectic
small-step integration scheme �22�. As was noted above ac-
cording to a locality property in a finite area of phase space
�� ,�� near the its origin ��=0, �=0� the behavior of the
system �2� with a finite number of modes M should be close
to the one with M→
. Figure 1 shows the phase space of
the system �2� for q=6 obtained by the CSWM �a�, SWM
�b�, and the comparison of them with the direct numerical
integration with a finite mode number M =5 �c�. The integra-
tion step is taken equal to �t=10−2 and the perturbation pa-
rameter K=1. At the first glance one notices that the CSWM
creates the stochastic web along the separatrices of the aver-
aged Hamiltonian �see �13��,

H̄ = �K/q��
j=1

q

cos�e j · r� , �10�

corresponding to the system �4� at 	=2� /q and �=0. Here
e j = (cos�2�j /q� , sin�2�j /q�), r= �� ,��. The SWM forms the
stochastic layer which strongly deformed from the unper-
turbed separatrices. This deformation is not due to the effect
of perturbation as stated in Ref. �23�, but related to the fact
that the variables of the SWM are nonidentical with ones of
the original system �2�. It means the estimations of the width
of the stochastic layer made in several works �23–25� using
the separatrix-splitting of the averaged Hamiltonian cannot
be, in general, compared with ones of the SWM. The agree-
ment between such estimations and the SWM obtained in
these works for the case q=4, as we will see below, occurs
by coincidence since the CSWM and the SWM create the
stochastic layers of comparable widths. However, in the
cases q=3,6 no rigorous estimations have been obtained.

As seen from Fig. 1�c� the CSWM �9� �blue �dark gray�
lines� is much closer to the original Hamiltonian system �2�
�orange �gray� lines� than the SWM �3� �green �light gray�
dots�. The latter creates the stochastic layer which has a
width of several orders larger than one for the original sys-
tem. The stochastic layer of the original system for the per-
turbation parameter K=1 with a finite mode number M is
negligibly small, which agrees with the prediction of the
CSWM.

The cases q=4 and q=3 are shown in Figs. 2 and 3,
respectively. In the case of q=4 �Fig. 2� the widths of the
stochastic layer created by the CSWM �a� and the SWM are
comparable. However, for q=3 there is a strong difference

between the stochastic layers of the SWM and the original
system �Fig. 3�a�� which is close to the one of the CSWM
�Fig. 3�b��. The SWM creates a negligibly small stochastic
layer, opposite to the case q=6.

The CSWM also predicts a new feature in the chaotic
transport regime along the stochastic web which was not
observed in the SWM dynamics. Particularly, it was found
that for the case q=6 the second moment of displacement in
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FIG. 1. �Color online�. Phase spaces of the CSWM �9� �a� and
the SWM �3� �b� obtained with the same initial conditions; �c� com-
parison of phase spaces obtained by the CSWM �9� �blue �dark
gray� lines�, the SWM �green �light gray� dots� and the small-step
numerical integration of the system �2� with a finite M =5 �orange
�gray� lines�. The time step of integration �t=10−2. Other param-
eters are q=6, K=1.
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the phase space, �2�k�= ��k
2+�k

2	, has the following asymp-
totics at large time steps k, �2�k�=2Dk� with the exponent
�=2.3–1.4 for the values of K in the interval 1.4K1.6.
Such acceleration regimes has not been observed in the
SWM chaotic dynamics. For the perturbation parameter K in
the interval 1.4K1.6 the SWM mostly exhibits the sub-
diffusive transport with the exponent �
0.8–0.9.

The CSWM �9� can be easily generalized to the relativis-
tic case: one should simply replace 	 to 	 /�1+2�2Jk. In this
case the stochastic web is formed only in a finite area of the
phase space �18�.

In conclusion, in the examples of periodically driven har-
monic oscillators it is shown that the derivation of Poincaré
maps by the replacement of Hamiltonian systems subjected
to time-periodic perturbation with a broad spectrum with pe-
riodic �-kicked systems is not correct from the physical and
mathematical points of view. Such replacement results, first,
in changing of variables of the original continuous system,
and, second, encounters the ill-defined mathematical proce-

dure of integration of �-kicked systems over � functions. The
correct map whose variables coincide with ones of the origi-
nal system can be obtained by the method based on the ca-
nonical transformation of variables in dynamical equations.
We have derived the canonical map, CSWM, describing the
dynamics of the harmonic oscillator driven by the wave field
with a broad frequency spectrum. It is shown that the CSWM
correctly describes the properties of the stochastic web of the
original system with a finite mode number, unlike the SWM
derived using the �-kicked systems.

The CSWM can be easily generalized to the case with
obliquely propagating waves considered in �19�. The CSWM
and its generalizations can be used as a powerful tool to
study the regular and chaotic dynamics of broad range physi-
cal systems exhibiting non-KAM chaos which were men-
tioned above.
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